We provide a formula for every Schur coefficient in the chromatic symmetric function of a graph in terms of special rim hook tabloids. As applications, we establish the non-Schur-positivity of some graph families. These graph families include the windmill graphs, non-balanced bipartite graphs, complete bipartite graphs, complete tripartite graphs, and the wheel graphs, when the number of vertices are not too small. We also show that the Dynkin graphs of type Dn and type En are not e-positive for n > 10.
Introduction
Stanley [23] introduced the chromatic symmetric function for a simple graph G as X G = X G (x 1 , x 2 , . . .) = κ v∈V (G)
where the sum is over all proper colorings κ. For example, the chromatic symmetric function of the complete graph K n is n!e n , where e n = i≥1 x i is the nth elementary symmetric function. It is a generalization of the chromatic polynomial χ G (z) in the sense that X G (1 k ) = χ G (k). Shareshian and Wachs [22] refined the concept of chromatic symmetric functions, which was called the chromatic quasisymmetric function of G, by considering all acyclic orientations of G and introducing another parameter q to track the number of directed edges (i, j) for which i < j. Ellzey [7, 8] further generalized these functions by allowing orientations with directed cycles; see also Alexandersson and Panova [1] for the same generalization from another perspective. Let Λ n (x 1 , x 2 , . . .) be the vector space of symmetric functions of degree n. The most important basis for Λ n , considering its ubiquitousness in representation theory, mathematical physics and other areas, is the Schur symmetric functions, which are crucial in understanding the representation theory of the symmetric group; see Macdonald [15, 16] . In fact, every irreducible homogeneous polynomial representation φ of the general linear group GL n (C) is given by char(φ)(x) = s λ (x 1 , x 2 , . . . , x n ) for some partition λ of n, where s λ (x 1 , x 2 , . . . , x n ) is a Schur polynomial. Let S n be the symmetric group of order n. Then for any S n -module M ,
where S λ are irreducible S n -modules and ch M (x) is the Frobenius characteristic of M ; see Stanley [25] and Sagan [21] . For any symmetric function basis b λ , the graph G is said to be b-positive if the expansion of X G in b λ has nonnegative coefficients. Note that e-positive graphs are Schur-positive, since the coefficient of s λ in the Schur expansion of e µ is the Kostka number K λ ′ , µ ≥ 0, where λ and µ are partitions of n, and λ ′ is the conjugate of λ; see Mendes and Remmel [18, Theorem 2.22] . The study of Schur-positivity of chromatic symmetric functions is an active area due to its connections to the representation theory of the symmetric group and that of the general linear group. For instance, see Gasharov [12] and recent work of Pawlowski [19] .
Many graph classes have been shown e-positive, including complete graphs, paths, cycles, co-triangle-free graphs, generalized bull graphs, (claw, P 4 )-free graphs, (claw, paw)-free graphs, (claw, co-paw)-free graphs, (claw, triangle)-free graphs, (claw, co-P 3 )-free graphs, K-chains, lollipop graphs, triangular ladders; see [2, 3, 6, 10, 14, 23, 26] . Schur-positive graphs include the incomparability graphs of (3+1)free posets, the incomparability graph of the natural unit interval order, and the 2-edge-colorable hyperforests; see [13, 19, 22] . Non-e-positive graphs include the saltire graphs and triangular tower graphs; see [4, 5] . We have not noticed any work concentrated on non-Schur-positive graphs yet.
To show the non-e-positivity of a connected n-vertex graph G, Wolfgang [28, Proposition 1.3.3] provided the following powerful tool. Proposition 1.1 (Wolfgang) . Suppose that G is a connected n-vertex e-positive graph. If G has a connected partition of type λ, then G has a connected partition of type µ for every partition µ which is a refinement of λ.
For the non-Schur-positivity, Stanley [24, Proposition 1.5] pointed the following tool. Proposition 1.2 (Stanley) . Every Schur-positive graph having a stable partition of type λ has a stable partition of type µ for all partitions µ dominated by λ.
The smallest non-Schur-positive graph is the claw, whose chromatic symmetric function is
All other 4-vertex connected graph are Schur positive. From Fig. 1 .1, we see that any non-Schur-positive graph is not e-positive. In this paper, we provide a combinatorial way to compute the coefficient c λ of s λ for any partition λ in the Schur expansion of a chromatic symmetric function. Our formula involves special rim hook tableaux and stable partitions of the graph whose type is same to the lengths of rim hooks; see Theorem 3.1. It is often quite easy to figure out each factor appearing in the expression of c λ for graphs with specific structures, and to obtain the non-Schur-positivity immediately.
As applications, we establish the non-Schur-positivity of windmill graphs, nonbalanced bipartite graphs, complete bipartite graphs, complete tripartite graphs, and wheel graphs, when the number of vertices in these graphs are not too small. The non-e-positivity of some of these graphs were confirmed before, by Dahlberg, She and van Willigenburg [5] .
We also consider the e-positivity of Dynkin graphs of type D n and type E n by computing the generating function of the chromatic symmetric functions of these graphs. At last we conjecture that these kinds of graphs are Schur-positive.
We check all results in this paper by using Russell's program [20] .
Preliminaries
A composition of n ≥ 1 is a list of integers that sum to n. An integer partition of n is a composition λ = (λ 1 , λ 2 , . . . , λ ℓ ) of n in non-increasing order, denoted λ ⊢ n. It is written as λ = 1 m1 2 m2 · · · alternatively, where m i is the multiplicity
A stable partition of a graph G is a set partition π = {V 1 , V 2 , . . . , V m } of the vertex set V (G) such that every set V i is stable. The type of such a stable partition is the integer partition 1 π1 2 π2 · · · of |V (G)|, where π i is the number of sets V j of i vertices.
Besides the elementary symmetric functions e λ and Schur symmetric functions s λ , standard bases for the ring Λ n include the monomial symmetric functions m λ , the homogeneous symmetric functions h λ , and the power symmetric functions p λ . In terms of stable partitions, monomial and power symmetric functions, Stanley [23] obtained Proposition 2.1 as a basic way to compute the chromatic symmetric function of a graph. Proposition 2.1 (Stanley) . The chromatic symmetric function of a graph G is
where π runs over stable partitions of G, π i is the number of stable sets of i vertices in π, and µ(π) is the type of π; λ(S) is the partition of |V (G)| whose parts are the number of vertices of component of the graph (V (G), S). 
is the generating function of the elementary symmetric functions e n .
In order to state our main result Theorem 3.1, we need more notions on Young tableaux. We follow terminologies from [18] and use the French notation; see Fulton [11] for more information on Young tableaux.
The Young diagram of λ is the collection of left-justified rows of λ i cells in the ith row reading from bottom to top. A rim hook is a sequence of connected cells in a Young diagram which starts from a cell on the northeast boundary and travels along the northeast edge such that its removal leaves the Young diagram a smaller integer partition. For any composition µ = (µ 1 , µ 2 , . . . , µ l ) of n, a rim hook tableau of shape λ and content µ is a filling of the cells of the Young diagram of λ with rim hooks of lengths µ l , µ l−1 , . . . , labeled with 1, 2, . . . , such that the removal of the last i rim hooks leaves the Young diagram of a smaller integer partition for all i. A rim hook tabloid is a rim hook tableau with all rim hook labels removed. A special rim hook tabloid is a rim hook tabloid such that every rim hook intersects the first column of the tabloid. Let T (λ) be the set of special rim hook tabloids of shape λ; see Fig. 2 .1 for illustration. For any T ∈ T (λ), denote by π(T ) = (π 1 , π 2 , . . .) the length list of its rim hooks from up to bottom, and by W (T ) the set of row labels i of T from up to bottom such that the rim hook with an end in Row i and Column 1 spans an even number of rows. Since any composition τ of n determines at most one tabloid T ∈ T (λ) such that π(T ) = τ , one may identify a tabloid in T (λ) by clarifying π(T ).
For any symmetric function f , we use the notation [e λ ]f to denote the coefficient of e λ in the e-expansion of f , and use the notation [s λ ]f to denote the coefficient of s λ in the Schur expansion of f .
Non-Schur-positivity of some graphs
Here is our first main result. 
where T (λ) is the set of special rim hook tabloids of shape λ; |W (T )| is the number of rim hooks that span an even number of rows; π(T ) is the integer partition of |V (G)| whose parts are the rim hook lengths of T ; and N G (T ) is the number of stable partitions of G whose type is π(T ).
Proof. Recall from [18, Exercise 2.15 ] that the coefficient of s λ in the monomial symmetric function m µ equals the inverse Kostka number
where T (λ, µ) is the set of special rim hook tabloids of shape λ and content µ, H runs over rim hooks of T , and r(H) is the number of rows that H spans. This result simplifies to
in virtue of the definition of W (T ). Now, by Proposition 2.1, we can deduce that
where π runs over stable partitions of G, and π i is the number of i-vertex stable sets in π. This completes the proof.
In the remaining of Section 3, we show the non-Schur-positivity for graphs in some popular graph families. The general idea is to discover a particular shape λ and show that the sum in Theorem 3.1 for this λ is negative. For the purpose of showing the negativity of a term, we often ignore the value of the factor π! and use the fact of the positivity of π! only.
When the graph G under consideration is clear from context, we use the notation c ′ λ to denote the coefficient [s λ ]X G , for the notation c λ is widely used to denote the coefficient [e λ ]X G . In applications of Theorem 3.1, we often shorten the notation π(T ), W (T ) and N G (T ), when no confusion arises, as π, W and N , respectively. Lemma 3.2 will be useful in the sequel. Lemma 3.2. Let G be a graph and let λ be a partition of |V (G)|. For any tabloid T ∈ T (λ) with N G (T ) > 0, we have the following.
• Every part π i in π(T ) is less than or equal to the independent number α(G).
• The length of π(T ) is less than or equal to the length of λ.
• If every stable partition of G contains a singleton stable set, then some part π i in π(T ) equals 1.
Proof. Let T ∈ T (λ) with N G (T ) > 0. Since every stable set of G contains at most α(G) vertices, no rim hook in T is longer than α(G). Since every rim hook intersects the first column of the Young diagram of λ, we find that π is not longer than λ. The last statement holds true since the type of a stable partition of G is the content of T .
The windmill graph W d n is obtained by joining d copies of the complete graph K n at a shared common vertex. Figure 3 .1 illustrates the graph W 4 3 . It is clear that Let T ∈ T W d n (λ) and π(T ) = (π 1 , π 2 , . . .). By Lemma 3.2, π i ≤ α(W d n ) = d for all i, and there exists some index i such that π i = 1. It follows that π(T ) = (d, 1, d, d, . . . , d) and W = {1}.
By Theorem 3.1, we obtain c ′ λ = −(n − 1)!N < 0, where N is the number of stable partitions of W d n of type d n−1 1. A partition π of a graph G is a set partition π = {V 1 , V 2 , . . . , V k } of V (G). We say that π has size k and call the integer partition obtained by rearranging the numbers in the sequence |V 1 |, |V 2 |, . . . , |V k | the type of π. In particular, a size-2 partition of G is a bipartition, and a size-
3.1. Non-Schur-positivity of connected bipartite graphs. Dahlberg et al. [5, Theorem 39] proved that any bipartite n-vertex graph with a vertex of degree greater than ⌈n/2⌉ is not Schur-positive by using Proposition 1.2. For connected bipartite graphs, Proposition 1.2 implies the following stronger result. Proof. Let G = (U, V ) be a connected bipartite graph. Since G is connected, the bipartition (U, V ) is unique. Assume that |U | − |V | ≥ 2. By Proposition 1.2, the graph G has a bipartition (X, Y ) such that |X| = |U | − 1 and |Y | = |V | + 1. It is clear that {X, Y } = {U, V }, contradicting to the uniqueness of (U, V ).
We remark that Theorem 3.4 can be shown alternatively by using Theorem 3.1 and considering the Schur coefficient with respect to the partition (n − a − 1, a + 1), where n is the number of vertices of the graph and a the number of vertices in the small part. Theorem 3.4 implies immediately that every spider with at least 3 legs of odd length is not Schur-positive, while the non-e-positivity appeared in Dahlberg et al. [5, Corollary 16] . In fact, spider graphs are bipartite. The cardinality difference between the parts of a spider graph is one less than the number of legs of odd length. As a consequence, every spider with at least 3 legs of odd length is unbalanced and not Schur-positive.
The converse of Theorem 3.4 is not true. This can be seen from Theorem 3.5.
Theorem 3.5. The complete bipartite graphs K 1,1 , K 1,2 , K 2,2 , and K 2,3 are epositive, and all the other complete bipartite graphs are not Schur-positive. In particular, any star of at least 4 vertices is not Schur-positive.
Proof. By Theorem 2.2, the paths K 1,1 and K 1,2 , and the cycle K 2,2 are e-positive. The complete bipartite graph K 2,3 is e-positive since X K2,3 = e 2 2 1 + 9e 41 + e 32 + 35e 5 .
Assume that K m,n is Schur-positive for some integers n ≥ 3. By Theorem 3.4, we can suppose that m ∈ {n, n + 1}. Consider the partition λ = (m − 1, n − 1, 2).
When m = n, the only special rim hook tabloid with even |W | satisfies π = (n, n), W = {1, 2}, π! = 2, and N = 1. On the other hand, one of the other tabloids satisfies π = (n, 1, n − 1), W = {1}, and N = 2n.
By Theorem 3.1, we obtain c ′ λ ≤ 2 − 2n < 0. When m = n+1, the set T Km,n (λ) consists of the following 4 tabloids; see Fig. 3 .3.
• π = (n, 1, n), π! = 2, W = {1}, and N = n + 1.
• π = (2, n − 1, n), W = ∅, and N = n+1 2 . • π = (2, n + 1, n − 2), W = {2}, and N = n 2 . • π = (n, n + 1), π! = 1, W = {1, 2}, and N = 1. 
This completes the proof.
3.2.
Non-Schur-positive tripartite graphs. A graph G is said to be tripartite if the vertex set V (G) has a partition (V 1 , V 2 , V 3 ) such that no edge of G links two vertices in the same V i . Note that stable tripartitions of a tripartite graph might be of different types. A fan graph F m,n is defined to be the graph join K m + P n of the complement of the complete graph K m and the path P n . Proof. The three parts in every stable tripartition of the fan graph F m,n are, respectively, the vertices in the complement K m , and the vertices in each part of the unique bipartition of the path P n . By Theorem 3.6, any two of the integers m, ⌊n/2⌋ and ⌈n/2⌉ differ at most 1, i.e., 2m − 2 ≤ n ≤ 2m + 2.
The wheel graph W n is the graph C n−1 + P 1 formed by connecting a single vertex to all vertices of the cycle C n−1 ; see Fig. 3 .4 for an illustration of W 8 . The graph Proof. Let n ≥ 7. If n is odd, then the wheel graph W n is not Schur-positive by Theorem 3.6. Note that X W8 = 28s 3 2 1 2 + 126s 321 3 + 168s 31 5 + 84s 2 3 1 2 + 700s 2 2 1 4 + 1344s 21 6 + 2184s 1 8 − 56s 2 4 .
Below we can suppose that n ≥ 10 is even. Consider the partition
Let T ∈ T Wn (λ). By Lemma 3.2, each rim hook has length at most α(W n ), i.e.,
and there exists a rim hook of unit length. It follows that π 2 = 1 or π 3 = 1.
If π 3 = 1, then Ineq. 3.1 implies that W = {2}. In view of Theorem 3.1, the tabloid T contributes a non-positive summand to the coefficient c ′ λ . If π 2 = 1, then Ineq. 3.1 implies π 1 = 3 and either π = (3, 1, n/2 − 2, n/2 − 2), π! ≥ 2, and W = {1}. or π = (3, 1, n/2 − 1, n/2 − 3), π! ≤ 2, and W = {1, 3}, where the number π! is estimated by using the assumption n ≥ 10. Let a and b be the number of stable partitions of W n of the above two types, respectively. By Theorem 3.1, it suffices to show that a > b. By choosing a stable set of n/2 − 1 vertices firstly and a set of 3 isolated vertices then in the remaining vertices, we see that
Let A be the set of triples (S 1 , S 2 , S 3 ) of disjoint stable sets of C n−1 such that
Let A ′ be the subset of A such that the graph C n−1 − S 1 consists of a path P 3 , a path P 2 , and n/2 − 4 isolated vertices. In order to form a triple in A ′ , there are (n − 1) ways to choose the path P 3 , then n/2 − 3 ways to form the stable set S 1 together with the path P 2 . The set S 3 must contain exactly one vertex on the path P 2 , and one or two vertices on the path P 3 = xyz.
• If |S 3 ∩ V (P 3 )| = 2, then S 3 ∩ P 3 = {x, z}. In this case, there are two ways to form S 3 , depending on the choice of the vertex in S 3 ∩ V (P 2 ).
In this case, there are 2(n/2 − 4) ways to form S 3 . Therefore, we find
since n ≥ 10. Hence c ′ λ < 0 for even n. This completes the proof. Theorem 3.9. The graphs K 1,1,1 , K 1,1,2 , K 1,2,2 , K 2,2,2 and K 2,2,3 are e-positive, and all the other complete tripartite graphs are not Schur-positive.
Proof. By Theorem 2.2, the cycles K 1,1,1 and K 1,1,2 are e-positive. The graphs K 1,2,2 , K 2,2,2 and K 2,2,3 are e-positive since X K1,2,2 = 6e 41 + 2e 32 + 70e 5 , X K2,2,2 = 36e 51 + 6e 3 2 + 384e 6 , and X K2,2,3 = 12e 51 2 + 2e 3 2 1 + 268e 61 + 12e 52 + 4e 43 + 1988e 7 .
Let K r,s,t (1 ≤ r ≤ s ≤ t) be a complete tripartite graph which is not one of the above 5 graphs. By Theorem 3.6, we obtain t − r ≤ 1.
The general idea of this proof is to define a partition λ for each triple (r, s, t) and consider the tabloids T ∈ T Kr,s,t (λ). Besides Lemma 3.2 and Theorem 3.1, we will use the fact that First of all, we handle the non-Schur-positivity of the specific graph K 2,3,3 . Let λ = (2, 2, 2, 2).
It is clear that |W | ∈ {1, 2}. There are only 3 special rim hook tabloids with |W | = 2:
• π = (3, 3, 2), W = {1, 2}, π! = 2.
• π = (3, 1, 3, 1), W = {1, 3}, π! = 4 and N = 1.
• π = (2, 3, 3), W = {2, 3}, and π! = 2.
On the other hand, one of the tabloids with |W | = 1 satisfies π = (3, 1, 2, 2), W = {1}, π! = 2, and N = 6.
Therefore, we obtain c ′ λ ≤ 2 + 4 + 2 − 2 · 6 < 0. Below we suppose that G is not one of the above 6 graphs. Consider the partition λ = (t, s − 1, r − 1, 2).
Since t − r ≤ 1, we have 3 cases to treat.
(1) If s = r = t, then the only tabloid with even |W | satisfies π = (s, s, s), W = {1, 2}, and π! = 6.
One of the other tabloids satisfies π = (s, 1, s − 1, s), W = {1}, π! = 2, and N = 3s.
Therefore, we obtain c ′ λ ≤ 6 − 6s < 0. Therefore, we obtain
3.3.
Non-e-positivity of the Dynkin graphs D n and E n . Martin, Morin and Wagner [17] exhibited an infinite graph family, called spiders, whose members are determinable completely by their chromatic symmetric functions. A spider is a tree with only one vertex of degree larger than two. An n-vertex spider can be identified as an integer partition π of n − 1 whose parts are the lengths of paths starting from the distinguished vertex, and denoted T π . For example, the spider T 1 n−1 is the n-vertex star. In Lie theory, Dynkin diagrams are some graphs with some edges doubled or tripled. Semisimple Lie algebras are classified by Dynkin diagrams. A complete list of simple finite dimensional compact Lie groups is A n , B n , C n , D n , E 6 , E 7 , E 8 , F 4 , G 2 , and I n .
The diagram D n is same to the graph T (n−3)1 2 for n ≥ 3, and we name it the graph D n . The diagrams E 6 , E 7 , and E 8 are same to the graphs T 2 2 1 , T 321 , and T 421 , respectively. We use the notation E n to denote the graph T (n−4)21 for n ≥ 4; see Fig. 3 .5. The underlying simple graph of any other type of Dynkin diagrams is a path of some length. This subsection is devoted to the non-e-positivity of the graphs D n and E n for large n; see Corollary 3.12. Note that the graph T m1 n−m−1 is a path when m ≥ n−2. Standard techniques in "generatingfunctionology" will be used in the proofs of Theorem 3.11 and Corollary 3.12; see Wilf [27] and Flajolet and Sedgewick [9] .
Theorem 3.11. Define
Then the generating functions of the chromatic symmetric functions X Dn and X En are respectively n≥0
where E(z) = n≥0 e n z n is the generating function of the elementary symmetric functions e n .
Proof. We show the two generating functions individually, by finding out a recurrence for the chromatic symmetric functions X Dn and X En , respectively. Let n ≥ 3. Suppose that the graph D n is obtained by joining the 3 paths
at the common vertex v n−2 . For 1 ≤ k ≤ n − 2, denote
In particular S 1 = ∅. Let S be a set of edges in Proposition 2.1. For 1 ≤ k ≤ n − 3, if S k ⊆ S and S k+1 ⊆ S, then the edges in S k form a component of the graph V (D n ), S , and consequently (−1) |S| p λ(S) = (−1) k−1 p k X D n−k .
When S n−2 ⊆ S, there are 4 cases to treat, depending on each of the edges sv n−2 and tv n−2 is in S or not. The total contribution of these 4 cases to X Dn is (−1) n (2p (n−1)1 − p (n−2)1 2 − p n ).
Hence for n ≥ 3,
(−1) k−1 p k X D n−k + (−1) n (2p (n−1)1 − p (n−2)1 2 − p n ) = n k=1 (−1) k−1 p k X D n−k . of the power symmetric functions in hand, by using a standard technique in generatingfunctionology, it is routine to deduce the generating function n≥0 X Dn z n from the recurrence (3.2) together with the initial values X Di for i = 0, 1, 2. Along the same lines, we can derive the recurrence X En = n k=1 (−1) k−1 p k X E n−k for n ≥ 4, which implies the generating function n≥0 X En z n . Proof. By Theorem 2.2, the paths D 3 and E 4 are e-positive. It is routine to compute that X D5 = 5e 5 + 7e 41 + e 32 + 2e 31 2 + e 2 2 1 , X E5 = 2e 31 2 + e 2 2 1 + 7e 41 + e 32 + 5e 5 , X E7 = 2e 321 2 + e 2 3 1 + 4e 51 2 + 12e 421 + 4e 3 2 1 + 5e 32 2 + 11e 61 + 13e 52 + 5e 43 + 7e 7 , X E10 = 3e 42 2 1 2 + 8e 3 2 21 2 + 9e 32 3 1 + 2e 2 5 + 5e 621 2 + 16e 531 2 + 9e 4 2 1 2 + 20e 52 2 1 + 59e 4321 + 22e 42 3 + 9e 3 2 2 2 + 7e 81 2 + 24e 721 + 32e 631 + 55e 541 + 26e 62 2 + 37e 532 + 42e 4 2 2 + e 43 2 + 17e 91 + 22e 82 + 11e 73 + 38e 64 + 20e 5 2 + 10e 10 + 8e 3 3 1 , and that [e 3 2 ]X E6 = −3, [e 3 2 2 ]X E8 = −1, and [e 3 3 ]X E9 = −6.
By Theorem 3.11 and using standard techniques in generatingfunctionology, one may deduce that [e 32 (n−3)/2 ]X Dn = 11 − 2n, for odd integer n ≥ 5; and
[e (n−9)3 3 ]X En = 36 − 4n, for any integer n ≥ 11.
Conjecture 3.13. For odd n ≥ 5, the graph D n is Schur-positive.
Conjecture 3.14. For any n ≥ 6, the graph E n is Schur-positive.
